We investigate the effectivizations of several equivalent definitions of quasi-Polish spaces and study which characterizations hold effectively. Being a computable effectively open image of the Baire space is a robust notion that admits several characterizations. However, we show that the characterization in terms of quasi-metric does not hold effectively.
Introduction
Classical descriptive set theory (DST) [11] deals with hierarchies of sets, functions and equivalence relations in Polish spaces. Theoretical Computer Science, in particular Computable Analysis [22] , motivated an extension of the classical DST to non-Hausdorff spaces; a noticeable progress was achieved for the ω-continuous domains and quasi-Polish spaces [18, 3] . The theory of quasi-Polish spaces is already a well-established part of classical DST [3, 5] Theoretical Computer Science and Computable Analysis especially need an effective DST for some effective versions of the mentioned classes of topological spaces. A lot of useful work in this direction was done in Computability Theory but only for the discrete space N, the Baire space N , and some of their relatives [16, 21] . For a systematic work to develop the effective DST for effective Polish spaces see e.g. [15, 14, 8] . There was also some work on the effective DST for effective domains and approximation spaces [18, 19, 2, 20] .
In this paper we continue the search of a "correct" version of a computable quasi-Polish space initiated in [20, 13] . By a correct version we mean one having properties similar to effective versions of those in the classical case: the computable quasi-Polish spaces have to subsume the well established classes of computable Polish spaces and computable ω-continuous domains and to admit a good enough effective DST.
We identify effective versions of quasi-Polish spaces satisfying these specifications. One of them is the class of computable effectively open images of the Baire space identified and studied in [20] . We provide some characterizations of this class which are effective versions of the corresponding known characterizations of quasi-Polish spaces in [3] . However we show that natural effectivizations of complete quasi-metric spaces are strictly stronger.
The results of this paper were obtained in September 2018 during a research stay of the second author in Inria, Nancy. On the final stage of preparing this paper the preprint [4] appeared where some of our results where obtained independently (using a slightly different approach and terminology).
In order to make our discussion of effective spaces closer to the corresponding classical theory, we use an approach based on the canonical embeddings of cb 0spaces into the Scott domain P(ω) and on the computablity in this domain. This approach (which emphasises the notion of effective continuity rather than the equivalent notion of computability w.r.t. admissible representations more popular in Computable Analysis) was promoted in [12, 19] .
We start in the next section with recalling definitions of some notions of effective spaces and of effective DST in such spaces; we also try to simplify and unify rather chaotic terminology in this field. In Sections 2 and 3 we establish the main technical tools used in the sequel. In Section 4 we propose a defintion of effective quasi-Polish spaces and prove characterizations of this notion. In Section 5 we propose to effective notions of quasi-metric space and prove that they differ from the notion of effective quasi-Polish space. We conclude in Section 7 with relating these classes to other classes of effective spaces considered in the literature and mentioning a couple of open questions.
Preliminaries
Here we recall some known notions and facts, with a couple of new observations. Notions similar to those considered below were introduced (sometimes independently) and studied in [9] , [12] , [19] under different names. We use a slightly different terminology, trying to simplify it and make it closer to that of classical topology. Note that the terminology in effective topology is still far from being fixed. All topological spaces considered in this paper are assumed to be countably based. Such a space satisfying the T 0 -separation axiom is sometimes called a cb 0 -space, for short. We recall that (W e ) e∈N is some effective enumeration of the c.e. subsets of N.
1. An effective topological space is a countably-based topological space coming with numbering (B X i ) i∈N of a basis, such that there is a computable function f :
Many popular spaces (e.g., the discrete space N of naturals, the space of reals R, the domain P(ω), the Baire space N = N N , the Cantor space C = 2 N and the Baire domain N ≤N = N * ∪ N N of finite and infinite sequences of naturals) are effectivizable in an obvious way. The computable cb 0 -space N is trivial topologically but very interesting for Computability Theory. We use some almost standard notation related to the Baire space. In particular, [σ] denotes the basic open set induced by σ ∈ N * consisting of all p ∈ N having σ as an initial segment; we sometimes call such sets cylinders. Let ε denote the empty string in N * .
In [17, 19] the effective Borel and effective Hausdorff hierarchies in arbitrary effective topological spaces X were introduced. Also the effective Luzin hierarchy is defined naturally [20] . Below we use the simplified notation for levels of these hierarchies like Π 0 n (X), Σ 1 n (X) or Σ −1 n (X) (which naturally generalises the notation in computability theory) and some their obvious properties. We will also use the expression effective open set for sets in the class Σ 0 1 (X).
As observed in [20] , for any effective topological space X, the equality relation = X on X is in Π 0 2 (X × X). The argument in [20] shows that also the specialization partial order ≤ X has the same descriptive complexity. In particular, every singleton is in the boldface class Π 0 2 (X). With any effective topological space X we associate the canonical embedding e : X → P(ω) defined by e(x) = {n | x ∈ B X n } (in [19] the canonical embedding was denoted as O ξ ; we changed the notation here to make it closer to that of the paper [5] which is cited below). The canonical embedding is a computable homeomorphism between X and the subspace e[X] of P(ω). It can be used to study computability on cb 0 -spaces [12, 19] using the fact that the computable functions on P(ω) coincide with the enumeration operators [16] .
The more popular and general approach to computability on topological spaces is based on representations [22] . The relation between the both approaches is based on the so called enumeration representation ρ : N → P(ω) defined by ρ(x) = {n | ∃i(x(i) = n + 1)}. The function ρ is a computable effectively open surjection. The canonical embedding ei induces the standard representation ρ X = e −1 • ρ A of X where A = e(X) and ρ A is the restriction of ρ to ρ −1 (A). The function ρ X is a computable effectively open surjection. We will implicitly identify any effective topological space X with its image under the canonical embedding, so that X is a subspace of P(ω), and ρ X is the restriction of ρ to ρ −1 (X).
Note that for effective topological spaces X and Y , f :
Results on Π 0 2 -sets
This section contains the technical tools that will be used to prove the characterizations of effective quasi-Polish spaces. We recall that if X is an effective topological space then a set is in Π 0 2 (X) if it is an intersection of a sequence of uniformly effective open subsets of X.
an effectively open computable surjective function between effective topological spaces. If X is quasi-Polish then for A ⊆ Y , one has:
We first prove that if the pre-image of a set is in Σ 0 2 (X) then the set is in Σ 0 2 (Y ), which implies the same result for the class Π 0 2 .
1 (X) uniformly and V n ⊆ U n . Then thet set
, uniformly in i. Lemma 3.1 applies in particular to the standard representation δ X : dom(δ X ) → X, showing that a set A ⊆ X has a Π 0 2 (N )-set of names iff it is a Π 0 2 (X)-set. An important property of computable Π 0 2 -sets is that it contains computable points. It is a crucial ingredient in the next results. Moreover, the next result shows that in a computable Π 0 2 , not only one can find an effective indexing over N of a dense set of elements, but one can even find an effective indexing over N of all its elements. Proof. Assume (i). Let A = n A n where A n are uniformly effective open sets. We can assume w.l.o.g. that A n+1 ⊆ A n .
One can build a computable sequence (u σ ) σ∈N * such that u ǫ = ǫ and:
-If τ properly extends σ then u τ properly extends u σ ,
We build this sequence inductively in σ. Given u σ intersecting A with σ = n, one can compute a covering of [u σ ] ∩ A n+1 with cylinders properly extending u σ and extract the cylinders intersecting A. Let (u σ·i ) i∈N be some computable enumeration of them.
We now define f . For each p ∈ N , the sequence u p ↾n converges to some q ∈ N . We define f (p) = q. One easily checks that the function f : N → A is computable, onto and effectively open as
) is effectively open. Hence one can progressively build an element of the closed set f −1 (p).
The function g is a partial computable function from N → N . Its domain is Π 0 2 and contains A. One has p ∈ A ⇐⇒ p belongs to the domain of g and p
The image under f of a dense computable sequence in N is a dense computable sequence in A, so the set of cylinders intersecting A is c.e. This result can be extended to subsets of P(ω). Claim. There exists a computable function g :
Proof (Proof of the claim). 
Now, one has
which is a c.e. relation.
Effective quasi-Polish spaces
According to Theorem 23 of [3] , the quasi-Polish spaces (defined originally as the countably based completely quasi-merizable spaces) coincide with the continuous open images of the Baire space. Effectivizing this defintion, we obtain the following candidate for a notion of effective quasi-Polish space. Of course this notion is preserved by computable homeomorphisms (bijections that are computable in both directions).
Theorem 4.1. Let X be an effective topological space with its standard representation δ X . The following statements are equivalent:
1. X is effective quasi-Polish, 2. The image of X under its canonical embedding in P(ω) is a computably Π 0 2subset of P(ω), 3. dom(δ X ) is computably Π 0 2 (N ). Proof. The equivalence 1. ⇐⇒ 2. is the content of Lemma 3.3. The equivalence 2. ⇐⇒ 3. is the content of Lemma 3.1.
We also formulate the effective version of Theorem 21 of [3] .
Via the canonical embedding, we have Y ⊆ X ⊆ P(ω).
We start by assuming that Y is computable Π 0 2 in X. As Y ∈ Π 0 2 (X) and X ∈ Π 0 2 (P(ω)), one has Y ∈ Π 0 2 (P(ω)). To show that Y is computably Π 0 2 in P(ω), simply observe that for a basic open set B of P(ω), B intersects Y iff B intersects X and B X := B ∩ X intersects Y . Both relations are c.e. as X is computably Π 0 2 in P(ω) and Y is computably Π 0 2 in X. If Y is effective quasi-Polish then it is computably Π 0 2 in P(ω) so it is computably Π 0 2 in X, which is a subspace of P(ω). Sometimes it is easier to work with a computably admissible representation other than the standard representation. Theorem 4.3. Let X be an effective topological space. If X admits a computably admissible representation whose domain is computably Π 0 2 , then X is an effective Polish space.
Proof. Let δ be a computably admissible representation of X such that dom(δ) is computably Π 0 2 . By definition of computably admissible, δ is computably equivalent to ρ X , i.e. there exist partial computable functions F, G :⊆ N → N satisfying ρ X = δ • F and δ = ρ X • G. We show that dom(ρ X ) is computably Π 0 2 . We recall that ρ X is the restriction of the representation ρ of P(ω) to ρ −1 (X). We show that dom(ρ X ) = ρ −1 (X) is computable Π 0 2 . Let p ∈ N . One has p ∈ dom(ρ X ) = ρ −1 (X) iff F (p) is defined, F (p) ∈ dom(δ) and ρ(G • F (p)) = ρ(p). All these conditions are Π 0 2 , so ρ −1 (X) belongs to Π 0 2 (N ). One has [σ] ∩ dom(ρ X ) = ∅ iff δ −1 (ρ([σ])) which is c.e. in σ as dom(δ) is computably Π 0 2 .
Effective quasi-metric spaces
Let (X, d) be a quasi-metric space, i.e. d : X × X → R ≥0 satisfies:
Let B(x, r) = {y ∈ X : d(x, y) < r}. We will often make use of formal inclusion between quasi-metric balls: B(s, q) ⊑ B(t, r) iff d(t, s) + q < r. Strictly speaking, it is a relation between the pairs (s, q) and (t, r), but we write it in terms of balls for simplicity. We use formal inclusion as its complexity is usually simpler than inclusion. One has B ⊑ B ′ =⇒ B ⊆ B ′ , where B(s, q) = {x : d(s, x) ≤ q} is the closed ball (not to be confused with the closure of the ball, usually very different).
The quasi-metric d induces a metricd(x, y) = max(d(x, y), d(y, x)). Every right-c.e. quasi-metric space is an effective topological space with the basis of balls B(s, q) with s ∈ S and r positive rational. Observe that formal inclusion is c.e. and that
As a result, any such space has its standard representation δ S . We define another representation.
Definition 5.3. The Cauchy representation δ C is defined as follows. A point x ∈ X is represented by any sequence s n ∈ S such that d(s n , s n+1 ) < 2 −n and s n converges to x in the metricd. Proof. For the proof we will also consider a slightly different representation δ ′ C where x is represented by any sequence s n such that d(s n , x) < 2 −n and s n converse to x ind.
We prove the following computable reductions:
Assume we are given a δ C -name of x, which is essentially a sequence (s n ) n∈N such that d(s n , s n+1 ) < 2 −n and lim n→∞d (s n , x) = 0. One easily checks that the sequence (s n+1 ) n∈N is a δ C -name for x.
Proof of δ ′ C ≤ δ S . Assume we are given a δ ′ C -name of x, which is essentially a sequence s n such that d(s n , x) < 2 −n and lim n→∞d (s n , x) = 0. We show that we can enumerate the basic balls containing x. Indeed, we show that x ∈ B(s, r) if and only if there exists n such that d(s, s n ) < r − 2 −n .
(1)
Assume that (1) holds. By the triangle inequality,
Conversely, if d(s, x) < r then asd(s n , x) converges to 0, for sufficiently large n one has d(x, s n )
Proof of δ S ≤ δ C . Assume we are given an enumeration of the basic balls containing x, call it U 1 , U 2 , U 3 , . . .. We build a sequence (s n ) n∈N as follows.
We take s 0 such that d(s 0 , x) < 1, which we can find by looking for a ball or radius 1 containing x. Once s 0 , . . . , s n have been defined, we look for s n+1 satisfying:
Such a point must exist, as if x ′ is sufficientlyd-close to x, the first and third conditions are satisfied, and d(s n , x ′ ) ≤ d(s n , x) + d(x, x ′ ) < 2 −n + d(x, x ′ ) by induction hypothesis, so d(s n , x ′ ) < 2 −n if d(x, x ′ ) is sufficiently small. Such a point can be effectively found, because the distances between points in S are right-c.e.
The sequence (s n ) n∈N satisfies the conditions of being a δ C -name of x. Indeed, d(x, s n ) converge to 0, as for each rational ǫ there exists s ∈ S such thatd(s, x) < ǫ, so the ball B(s, ǫ) appears as some U i , so fro n ≥ i, d(x, s n ) ≤ d(x, s) + d(s, s n ) < 2ǫ. Proof. The domain of the Cauchy representation is computably Π 0 2 . Indeed, the relation ∀n, d(s n , s n+1 ) < 2 −n is Π 0 2 , and any finite sequence satisfying this condition can be extended (to an ultimately constant sequence, e.g.). As the Cauchy representation is computably equivalent to the standard representation, we can apply Theorem 4.3. The equivalence is uniform.
Proof. We only have to prove that for a computable point x, the numbers d(x, s) are uniformly left-c.e. Let (s n ) n∈N be a computable δ C -name of x. One has d(x, s) = sup n d(s n , s) − 2 −n which is left-c.e., uniformly in s.
Separation
Classically, a space is quasi-Polish if and only if it is completely quasi-metrizable [3] . However the proof is not constructive. We know that each right-c.e. quasimetric space that is complete is an effective quasi-Polish space. We show that the converse fails. For this, we fully characterize the effective notions of quasi-Polish space in a restricted case.
Let [0, 1] < come with the quasi-metric d(x, y) = max(0, x − y), with the rational points asd-dense sequence. It is a computable quasi-metric space that is complete. For α ∈ (0, 1), the subspace [α, 1] < is an effective topological subspace of [0, 1] < . We investigate when it is an effective quasi-Polish space, a computably quasi-metrizable space, and a right-c.e. quasi-metrizable space.
Proof. Observe that the set {q : (q, 1] ∩ A = ∅} is always c.e. Therefore, [α, 1] < is an effective quasi-Polish space if and only if [α, 1] ∈ Π 0 2 ([0, 1] < ) by Theorem 4.2 (the c.e. conditions is always satisfied as observed above). This is equivalent to the existence of uniforly right-c.e. numbers r i such that [α, 1] = i (r i , 1], i.e. α = sup i r i . This is equivalent to α being ∅ ′ -left-c.e. Proof. If α is right-c.e. then there is a computable quasi-metric structure by Proposition 6.2. If α is left-c.e. then we can take S = {s i } i∈N with s i = max(q i , α), where (q i ) i∈N is a computable enumeration of the rational numbers in [0, 1]. We can take the restriction of the quasi-metric dx, y) = max(0, x − y). It is right-c.e. on S. To approximate d(s i , s j ) from the right: do the following: if q i ≤ q j then output 0 (correct as s i ≤ s j in that case). If q i > q j then start approximating d(q i , s j ) from the right (possible as s j is left-c.e.) and switching to 0 if we eventually see that q i < α.
Conversely, assume a right-c.e. metric structure (d ′ , S). Given q ∈ Q ∩ then q ∈ B(s, ǫ). As a result, sup E is left-c.e. and sup E ≤ α. If α is not left-c.e. then sup E < α. As a result, we can fix some rational number q 0 between sup E and α, and work with rationals above q 0 only, so that they do not belong to E.
Let F = {(q, ǫ) : q ∈ Q ∩ [q 0 , 1], ǫ > 0, ∃s ∈ S, such that d ′ (s, q) < δ s,ǫ }. F is c.e. so I := inf{q + ǫ : (q, ǫ) ∈ F } is right-c.e. If q > α then there must exist s ∈ S such that s ≤ q, i.e. d ′ (s, q) = 0, so (q, ǫ) ∈ F for every ǫ > 0. As a result, I ≤ α. If α is not right-c.e. then I < α.
Take (q, ǫ) ∈ F such that q + ǫ < α. Let s ∈ S witness that (q, ǫ) ∈ F . One has d ′ (s, q) < δ s,ǫ and d(s, q) ≥ d(α, q) > ǫ so q ∈ E, giving a contradiction.
Therefore, α is left-c.e. or right-c.e. Corollary 6.1. There exists an effective quasi-Polish space which cannot be presented as a right-c.e. quasi-metric space.
Proof. Let α be ∅ ′ -left-c.e. but neither left-c.e. nor right-c.e.
Discussion and open questions
Any computable metric space (X, d, S) [22] has the induced base consisting of the basic open balls B m,n = B(s m , q m ) with center s m ∈ S and radius q m (the rational number with index m). Note that the recursively presented metric spaces from [15] are computable metric spaces but not vice versa; nevertheless, they give rise to the same class of Polish spaces [6] . By a computable Polish space we mean an effective topological space X induced by a computable complete metric space (X, d, S). Most of the popular Polish spaces are computable. By a computable ω-continuous domain [1] we mean a pair (X, b) where X is an ω-continuous domain and b : N → X is a numbering of a domain base in X modulo which the approximation relation ≪ is c.e. Any computable ω-continuous domain (X, b) has the induced effective base β where β n = {x | b n ≪ x}. Most of the popular ω-continuous domains are computable.
By Theorem 1 in [20] , both the computable Polish spaces and computable ω-continuous domains are computable effective images of the Baire space, hence they are effective quasi-Polish, hence the notion of effective quasi-Polish space introduced in this paper is a reasonable candidate for capturing the computable quasi-Polish spaces. By Theorem 4 in [13] (which extends Theorem 4 in [20] ), any effective quasi-Polish space satisfies the effective Suslin-Kleene theorem. By
